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Abstract

In this paper we derive an inequality relating linear combinations of mutual information between subsets of mutually
independent random variables and an auxiliary random variable. As corollaries of this inequality, we obtain new results
and generalizations and new proofs of known results.

1 Introduction

In this paper we obtain an information inequality relating linear combinations of mutual information between
subsets of mutually independent random variables and an auxiliary random variable. Our main result is a
rather elementary inequality which surprisingly implies a variety of non-trivial inequalities and yields new
inequalities. We are directly motivated by the work of Balister and Bollobas [1] who present generalizations of
Shearer’s lemma [2, 3], Han’s inequality [4], and the Madiman—Tetali inequality [5]. We obtain a compression
type inequality similar to Theorem 4.2 of [1], generalizing the work in [6]. We are also motivated by the work
of Courtade [7] who presents an elementary proof of monotonicity of entropy power and Fisher information
which was originally established by Artstein, Ball, Barthe and Naor [8]. Using a certain perturbative auxiliary,
we recover the generalized Stam’s inequality [9], which extends Stam’s inequality for Fisher information [10]
and the Artstein—Ball-Barthe—Naor inequality [8], as a corollary of our main result. We also extend the results
involving maximal correlation in [11], strong data-processing constants in [6], and obtain new relative entropy
convexity results.

1.1 Main

Throughout this article we adapt the following notations. We denote by [a : b] the set of integers > a and < b.
We denote by |T'| the cardinality of a set T. For random variables Xi,...,X,, and for T C [1 : n], we write
X :={X,}ier, the tuple consisting of X; where ¢ € T.

Definition 1. Let n be a positive integer and let {ar}r, {Br}r be two finite sequences of non-negative real
numbers indexed by T' C [1 : n]. We call {Br}r an elementary compression of {ar }r if there exist A, B C [1 : n]
with AZ B and B Z A, and 0 < § < min{a4,ap} such that for all ' C [1 : n] we have

ar—90 ifT=AorT=B,
Br=<ar+6é fT=AUBorT=ANBSB,

ar otherwise.

The result of a finite sequence of elementary compressions of {ar }r is called a compression of {ar}r.

Definition 2. Let X; (i =1,...,n) and Sy (T' C [1 : n]) be random variables. We call {St}r a layered function
family on Xi,..., X, if Sy is independent of X[;.,,}, and for every non-empty 7' C [1 : n] and i € T there is a
function gr; such that St = g7.:(St\ (5}, Xi).

Remark 1. Clearly a trivial example of a layered function family is given by St := (Sy, X1). A canonical
example of a layered function family is given by St := Sy + >, fi(X;), where f;’s are functions taking values
in some Abelian monoid. In particular,

(i) St :=Sp+ X ;er Xi, where Sy, X; € R%;
(ii) St :=max({Sp} U {X;}ier), where Sy, X; € R;

are examples of layered function families.

The following is a subclass of layered function families that we will also be considering in this article.
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Definition 3. Let {St}r be a layered function family on mutually independent and identically distributed
random variables X,..., X,,. We call the layered function family {St}r symmetric if for all permutations 7
of [1: n] the distributions of (Sp.,, Sp, X1, ..., Xn) and (Sp:n), So, Xr(1), - - - » Xx(n)) are the same.

Remark 2. If X;,..., X, are mutually independent and identically distributed random variables, Remark 1 (i)
and (ii) are examples of symmetric layered function families.

Lemma 1. Let {St}r be a layered function family on mutually independent random variables X1,...,X,.
Suppose U = Sp:n) = (Sp, X[1:n]) forms a Markov chain. Then the following hold:

(i) U — St — (Sp, X7) forms a Markov chain for all T C [1: n].
(it) I(U; St) = I(U; Sy, Xr) for all T C [1:n).

Proof. Suppose T C [1 : n]. Consider

0 @ I(Ua S(D, X[l:n] |S[1:n])
= 1(U; S, X1, X{1:n\7|S[1:n))

(b
:) I(U7 S(Da X, X[l:n]\Tv ST|S[1n])
> I(U; Sp, X1|S:n), X115 ST)

(é) I(U, 5@7 XT|X[1:n]\T7 ST)

(d)
= I(U7 S(Da XT|X[1:n]\T7 ST) + I(X[ln]\Tv S@a XT‘ST)

= I(U, X{1.n)\1;5 So> X7|ST)
> I(Ua S(Z)a XT|ST)
>0,
where (a) holds since U — Sp.,p — (Sp, X[1.0)) forms a Markov chain, (b) holds since St is a function of

(So, X1), (c) holds since S[1.,) is a function of (S, X[1.n)\7), and (d) holds since X{y.,)\7 and (Sy, X7, St) are
independent. This shows (i). Furthermore,

1U; S7) 2 1(U; Sr, Sy, X7)

© 1(W; Sy, X7),

where (a) holds since U — Sp — (Sp, Xr) forms a Markov chain, and (b) holds since St is a function of
(Sp, X1). This shows (ii). O

We now state the main theorem. As the proof below shows (and similar to the case in [1]), the main
ingredient is an elementary two-point inequality shown in part (i) below.

Theorem 1. Let {St}r be a layered function family on mutually independent random variables Xy, ..., X,.
Suppose U — Si:n) = (Sp, X[1:n]) forms a Markov chain. Then the following hold:

(i) I(U;Sa)+ 1(U; Sg) < I(U; Saup) + I(U; Sanp) for all A,B C [1:n].

(it) D pcpm @rI(Us S) < 3 opcn Bri(Us St), where ar,Br (T C [1 : n]) are non-negative real numbers
such that {Br}r is a compression of {ar}r.

(iti) 3 i PrI(Us S) < I(U; Spiny) + (¢ = 1)I(U; Sp), where fr (T € [1 : n]) are non-negative real numbers
satisfying ZTQL”]:T% Br<1forali=1,...,n, and c:= ZTQL”] Br.

Proof. Suppose A, B C [1:n|. Then

I(U; Sy, XB) — I(U; Sy, Xan) = 1(U; X\ alSp, XanB)
< I(U, X a\B; XB\alS0, XanB)

(a)
= I(U, X a\B; X5\a1S0, XanB) — I(X a\5; X\ 4|50, XanB)

= I(U; Xp\alSp, Xa)
= I(U7 S@vXAUB) - I(Ua S@a XA);
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where (a) holds by the mutual independence of the X;’s and Sp. Rearranging gives
I(U7 S@a XA) + I(U7 50)7 XB) < I(U7 ‘907 XAUB) + I(U7 S@a XAF‘IB)7

which, together with part (ii) of Lemma 1, gives (i). Note that (ii) is immediate from (i) as a compression is
obtained as a sequence of elementary compressions.
We will show (iii) by induction on n. Indeed the base case n =1 is trivial. Note that (i) gives

I(U; Spin—1)) + L(U; Stugny) < I(U; Siiiy) + 1(U5 St)

for all T'C [1 : n — 1]. Suppose S (T C [1 : n]) are non-negative real numbers satisfying ZTC[l:n]:TBi Br <1
foralli=1,...,n. Then -

Y BrIUsSr) = Y (BrI(U;St) + Brogmy I(U; Stugny))

TC[1:n] TC[1:n—1]
< Z (BrI(U; St) + Brugny L(U; Spiny) — LU Spian—1y) + 1(U; 1))
TC[1:n—1]

(a)
< I(U; Spiey) — L(U5 Spiin—1y) + Z (Br + Brugmy)I(U; St)

TC[1:n—1]
(b)
< I(U; Spn)) = LU Spiin—1)) + LU Spaen—1) + (¢ = 1I(U; Sp)
= I(Ua S[ln]) + (C - 1)I(U7 S@)a
where (a) holds since ZTQMHH Brugny < 1, and (b) follows by applying the induction hypothesis to the

non-negative real numbers {BT + Brun} }TC[lzn—l]' O

1.2 Two families of perturbative auxiliaries

In this section we will present two families of auxiliaries that will turn out to be useful for obtaining corollaries
to Theorem 1.

Lemma 2. Let {Sr}r be a layered function family on mutually independent random wvariables Xi,...,X,.
Suppose f is an R%-valued bounded measurable function, defined on the set of values of Sii:m), such that

E[f(Spn))] = 0. Then there exists a family of random wvariables {U©}, indexed by small enough € > 0,
such that U©) — Sii:n] — (Sp, X1:m)) forms a Markov chain and

IU9:57) = L@ BB (SIS + O

for all T C[1:n)].

Proof. Let p(-) be the probability mass function of the uniform distribution on the Boolean hypercube {41}
For small enough e > 0, define the random variable U(®) taking values in {£1}9) satisfying the Markov chain
U — Sti:n] = (Sp, X[1:m)), according to

Pu@ sy (uls) == B) (1 + elf(s),u)).

Note that py (u) = p(u) (which follows from E[f(S[.n))] = 0), E[U)] = 0 and E[U©Uu©T

T C [1:n], since U — S(1:n) — St forms a Markov chain,

] = I. For any

Pu© s, (ulST) = E[pUm\s[M] (u|S[1:07)157]
= p(u) (1 + e(E[f (Sp:n))|ST], 1))
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Then we have

(€)
I(U(E); Sr) = EU(S),ST {log p(UST)}

p(U)
= By s, [10g(1 + €(ELf (S| S7], U))

= Eg,

Zp 1+6 (S[l n])lST] >)1Og<1+6<E[f(s[ln])|ST]’u>)1

20 (CBLF S ISe1 )+ 3B S S5) 0 + O )

= %62 tr <E[E[f(5[1;n])ST]E[ (Stng)|ST)"] ZP ) O(e*)

= L@ BB (Spalsr)I? +O()

O

Lemma 3. Let {Sr}r be a layered function family on mutually independent random wvariables Xy, ..., X,.
Suppose q(-) is a distribution absolutely continuous with respect to the distribution of Sj1.nj. Then there exists a

family of random variables {U©)}., indexed by small enough € > 0, such that U©) — Stiin] = (Sp, X(1:m)) forms
a Markov chain and

I(U'); Sp) = eDxkw(pg, [ps,) + O(€)
for all T C [1 : n], where the random variable Sy is defined by

= ZPST\S[Ln] (8s)q(s)-

Proof. Let f(s) := q(s)/psy,.., (5) be the Radon-Nikodym derivative. For small enough € > 0, define the random
variable U(¢) taking values in {0, 1}, satisfying the Markov chain U(©) — Si1:n] = (Sp, X[1:m)), according to

1—ef if u=0,
PUu©|S(1.m) (’U,lS) = {ef(s) (8) 1f Z =1

Note that E[f(S}i.n)] = 1 and

() 1—¢ ifu=0,
alu) =
Pre ¢ iy =1,

For any T C [1 : n}, since U(®) — St1:n) = St forms a Markov chain,
pues, (UlST) = Elpyos,,.,., (uSq))[ST]
_ {1 — €E[f(Spa)ISt] i u=0,
e E[f(Spn))|S7] if u=1.
Then we have
I(U); Sy

)
(U©|ST)
frg EU(E)ysT |:10gp | T :|

U(E)
1 — eE[f(S[1:n))|ST]
1—c¢

B, [eEmsmmsT} log ELf (Spu)|S1] + (1 — € B[ (S{1.m) 1) log

[pgT (St) . ps,(ST)
— € EST (0]

psr(ST) 7 psy(ST)
= eDkL(pg, [pse) + O(€).

} 4+ Esy [(1— e Bl (S1n)S2]) (el — BLf(Sp)S7]) + O(e2))]

O

Remark 3. These two families of perturbative auxiliaries are not new here and have been used extensively
in [12,13] and references therein.
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2 Some consequences of Theorem 1

2.1 Generalized Stam Inequality

In this subsection, we show a generalized Stam inequality involving Fisher information as an immediate conse-
quence of our mutual information inequality. The results established in this section are not new, and a similar
proof technique we employ has been used by Courtade in [7] for the case of mutually independent and identically
distributed random variables. However, as noted in [14] (Future work, item 4), the extension of the ideas to
independent random variables had been of interest. The proof in this section does the extension to independent
random variables.

Definition 4. Let X be a random variable in R? with density fx. The score function px of X is defined by

\V4
px = X _ Glog fy.
Fx

The Fisher information J(X) of X is defined by
J(X) = Efllpx (X)]|?].

Remark 4. Let X, Z be independent random variables in R? such that Z ~ N(0,I). We have the following
basic properties of Fisher information:

(i) J(aX)=a"2J(X) for all a > 0.
(il) 2J(X +VtZ) = Zh(X + VtZ) for all t > 0.

(iii) If X has a (finite) covariance matrix then

h(X):;llogQW@—;/o (J(X—&-\/EZ)—lClH) dt.

Property (ii) is also called de Bruijn’s identity (e.g. [10]). Property (iii) is a consequence of (ii) and is originally
shown by Barron [15] (cf. Lemma 3 of [9]).

Remark 5. The Fisher information of sum of independent random variables satisfies a certain property that is
first observed by Stam [10]: If X, X5 are independent random variables in R? with densities fi, f2, respectively,
then

V(f1* f2)(y)
P V) = )
(Vf1* f2)(y)
 (fix f2)(y)
(px, f1* f2)()
(f1* f2)(y)
_ Jex, (@) fi(@) foly — 21) day
[ fi(@1) f2(y — 1) day
= Elpx, (X1)[X1 + X2 =y,

and hence
px1+x: (X1 + Xz) = Elpx, (X1)[ X1 + Xo].

In general, suppose Xi,...,X,, are mutually independent random variables in R? with densities, and write
St := X1+ -+ Xi. Then

Ps,(Sn) = Elps, (Sk)|5n]
forallk=1,...,n.

Lemma 4. Let X1,..., X, be mutually independent random variables in R with densities. Fork =1,...,n
we write S := X1+ -+ Xg. Then

J(Sn)?

E[) Elps, (Sn) Su]] > 7753

forallk=1,...,n.
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Proof. Consider

(ps,, (Sn), Elps, (Sk)[Sn])]
), 055, (Sk))[Sn]]

Psn( n)s Py, (Sk))]

s P35, (Sk))|Sk]]

ISk], psy, (Sk))]

< B Blps, (52)ISkI71> Ellos, (S0) 2]/
— [ Elps, (S)|SH]IP /2T (S)2,

—

where (a) follows from the Cauchy—Schwarz inequality. This gives the result. O

Proposition 1 (Generalized Stam’s inequality, Theorem 2 of [9]). Let Xi,...,X, be mutually independent
random wvariables in R? with densities. Suppose fr (T C [1 : n]) are non-negative real numbers satisfying

ZTQL”]:TBI. Br <1 foralli=1,...,n. Then

S[ln] > Z 5T

TC[1:n)

where St := 3, .0 X;.

Proof. Note that Sy = 0. An application of Lemma 2 (with f = pS[l:n]) gives the existence of a family of random
variables {U(E)}e, indexed by small enough e > 0, such that U(®) — S(1:n) = X[1:n) forms a Markov chain and

€ 1 :
I(U;8r) = 3¢ Bl Elpsy (Spa)IS7]I7] + O(€?) (1)
for all T C [1 : n]. Then Theorem 1 (iii) implies
> BrI(UY;Sr) < I(U; Sy, (2)
TC[1n]

Now consider
J(Si1m)) = Elllos.0 (S ]

> BrE[lElpsy.,, (S| ST]?]

TC[1:n]

(®) J(S[l;n])z
> Z ﬂTW,

TC[1:n]

where (a) is obtained by putting (1) into (2), dividing by 3€* and then taking ¢ — 0, and (b) follows from
Lemma 4. The result then follows from rearranging. O

Remark 6. Proposition 1 implies the fractional superadditivity of entropy power [16] (see also [9]). On the
other hand, one immediately obtains the Artstein-Ball-Barthe-Naor inequality [8]: If X1, ..., X, are mutually
independent and identically distributed random variables in R¢ with densities, then for all k =1,...,n,

~ X144 X, Xito 4 X .
() 7 (Fetgte) < 7 (B )
(i) h (L\/{Xﬁ >h (L\/E*X‘), if X;’s have a finite covariance matrix;

where (i) follows from setting 87 = 0 for |T'| # k in Proposition 1, and (ii) is a consequence of (i) and Remark
4 (iii).



2 Some consequences of Theorem 1 7

2.2 Discrete Convexity, Strong Data Processing and Maximal Correlation

In this subsection, we establish some discrete convexity results and consequently some results about strong
data-processing constants and maximal correlations of joint distributions. The results in this section generalize
the known results in [6] and [11].

Lemma 5 (Discrete convexity). Suppose @i (k=0,1,...,n) are real numbers satisfying

©k—1 1 Pr+1 = 20k (3)
forallk=1,...,n—1. Then

or < 1+ ——n
n—1 n—1

foralll=0,1,....,n—1, and k satisfying |l < k < n.

Proof. Note that £k = n and [ = k are immediate, so we assume [ < k < n. Observe that ¢ — pr_1 is
nondecreasing in k. Then

on — @k = (Pn = ¥n-1) + (Pn—1 — Pn-2) + -+ (Pr+1 — @)

> (n—k)(prt1 — ox)

> (n—k)(er — pr-1)
n—=~k

2 1 (o = or—1) + (Pr—1 = Pr—2) + - + (Lr41 — 1))
n—k

=7 o =)

The result follows by rearranging. O

Proposition 2. Let {St}r be a symmetric layered function family on mutually independent and identically
distributed random variables X1, ..., X,. Suppose U is a random variable such that U — S(1.n) — (Sp, X[1:m])
forms a Markov chain. Then I(U; St) is a function of |T|, and we have

I(U; St) + I(U; Stugiyy) = I(U; Srugay) + 1(U; Stugsy)

for all T C [1:n] and distinct elements i,j in [1:n]\ T. Furthermore,
—|T T
1w:5r) < w5y + i sy
for all T C[1:n)].
Proof. We first show that I(U; St) is a function of |T'|. Tt suffices to establish I(U; St) = I(U; Sj1.j7);) for all
T C [1:n]. Take a permutation 7 of [1 : n], that is increasing on [1 : |T'|], such that T'= {7(i)};—1,.. 7. From
the definition of symmetric layered function family and the Markov chain U — Spi.,) — (Sp, X1,..., X,), we

have that the distributions of (U, Sy, X1, ..., X, ) and (U, So, Xr(1)s - - - 7X,T(n)) are the same. In particular, the
distributions of (U, S@,X[L\T\]) and (U, Sy, Xr) are the same. Hence Lemma 1 (ii) gives

Now we show that ¢y, := I(U; St), where T is any subset of [1 : n] of cardinality k, satisfies (3). For any
k=1,...,n—1, take any T C [1 : n] with |T'| = k — 1 and distinct elements 7, j in [1 : n] \ T, and we have

or—1+ orp1 = 1(U; St) + I(U; Strugiiy)

(a)
> I(U; STU{i}) +1(U; STU{j})
= 2¢%,
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where (a) follows from (i) of Theorem 1. Hence (3) is satisfied. Then an application of Lemma 5 (with [ = 0)
yields

- k
Pr < ©o + —¢n,
n n
or equivalently,
—|T T
1w:sr) < " rwse) + s,
for all T C [1 : n]. O

Corollary 1. Let {St}r be a symmetric layered function family on mutually independent and identically
distributed random variables X1, ..., X,. Then the following hold:

1) Suppose f 1s an -valued bounded measurable function, defined on the set of values of Syi.,1, such that
) S fi R%-valued bounded ble f ) defined h f val f Si:n] h th

BB (St 15217 < T BRI (St0a)10017] + LB (Sf0) )
for allT C[1:n].

(ii) Suppose q(-) is a distribution absolutely continuous with respect to the distribution of Sj1.n). For T C [1 :n]
let the random variable St be defined by

P, (§) = ZPST‘S[I:IL](gls)q(S)'
S
Then

DKL(pS’T ||pST) + DKL(pS’TU“J) ||pSTU{i7j}) Z DKL(pS’TU{i} HpSTU{i}) + DKL(pSTU{j} ||pSTu{j})

for all T C [1:n] and distinct elements i,j in [1:n]\ T. Furthermore,

n—|T T
Dia(ps, Ips:) < " Dy (s, Isy) + 2 D (v, 95,
for allT C[1:n].
Proof. (i) and (ii) are direct applications of Lemma 2 and 3, respectively, to Proposition 2. O

Definition 5. Let S be a function on mutually independent and identically distributed random variables
X1,...,Xy. Wecall S cyclically symmetric if for all cyclic shifts = of [1 : n] the distributions of (S, X1,...,X,)
and (S, Xz(1), .-, Xr(n)) are the same.

Remark 7. The function S := Z?:l XiXit1 (with X, 41 := X1), where X;’s are mutually independent and
identically distributed random variables in R, is an example of cyclically symmetric function.

Proposition 3. Let S be a cyclically symmetric function on mutually independent and identically distributed
random variables X1,..., X,. Suppose U is a random variable such that U — S — X[1.,) forms a Markov
chain. Then for all k =1,...,n — 1 we have

I(U; X1k—1)) + L(U; Xj1:kg1)) = 20U X(1ag)-

Furthermore,

Bl

I(U; Xpaw) < — (U3 S)

n

forallk=0,1,... n.
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Proof. Since U — S — X|y.,,) forms a Markov chain and S is a function of X{.,), we have I(U; S) = I(U; X{1.,)).
Further from the cyclic symmetry of S and the Markov chain U — S — X[1.,,, we have that the distributions
of (U,8,X1,Xs,...,X,) and (U, S, X,,, X1,...,X,,_1) are the same. Consequently, for all k =0,...,n—1 we
have I(U; Xj1.5411) = 1(U; X11:4jugny)- Hence for k=1,...,n —1,
I(U; Xjkrn)) — LU Xpewy) = 1U; Xpiwugny) — LU; Xaaky)
= I(U; Xn|X(1:1)

®)
= I(U, X7L|X[1:k]) + I(Xk; Xn|X[1:k:—l])

= I(U, X; Xn| X(1:0-1])

> I(U; Xo| X(1:k-1))

= I(U; Xpk—1jugny) — L(U; Xjiak—1y)
=I(U; Xpxy) = 1(U; X(ip—1))s

where (a) holds since X}, is independent of X[1.1_1jun}. Now @ := I(U; X[1.)) satisfies (3) and hence by
Lemma 5 (with [ = 0) we have

k

IN
>3

gl(U; S)

as required. O

2.2.1 Strong data processing constant

Definition 6. The strong data processing constant s.(X;Y) of two random variables X, Y is defined by

I(U;Y)
1(U; X)

s«(X5Y) = .
p(ulz)
I(U;X)#0

Corollary 2. Let {St}r be a symmetric layered function family on mutually independent and identically
distributed random variables X1,...,X,. Then

n—|T| T

for all T C[1:n].

Proof. Fix any U satisfying the Markov chain U — S[;.,) — St. Define a random variable U, satisfying the
Markov chain U — St:n] =+ (Sp, X[1:m)), according to

Prysyy (118) = Duisi, (u9)

Indeed U also satisfies the Markov chain U — Si:n) — St since St is a function of (Sp, X[1.,)). Hence the
distributions of (U, Sj1.n), ST) and (U, S[1:n]; ST) are the same. Therefore,

I(U;Sr) _ I(U;Sr)
I(Uas[ln]) I(ﬁ,Sun])
(%)n—|T| IEU;SQ) +@
n I(Uys[ln}) n

n—|T| T
«(S[ngs S —,
o 54 (S[1:m)5 S0) + "

<

where (a) is an application of Proposition 2. O

Remark 8. Observe that this result generalizes the one in [6] from sums of mutually independent and identically
distributed random variables to the more general symmetric layered function families. The proof technique used
here is clearly motivated by the arguments in [6].

Corollary 3. Let S be a cyclically symmetric function on mutually independent and identically distributed
random variables X1, ..., Xpn. Then s.(5; X[1:)) < % forallk=1,....,n.

Proof. This is immediate from Proposition 3. O
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2.2.2 Maximal correlation

The Hirschfeld—Gebelein—Rényi maximal correlation measures the dependence between two random variables
in a general probability space. This quantity is first introduced by Hirschfeld [17] and Gebelein [18] and then
studied by Rényi [19].

Definition 7. The Hirschfeld-Gebelein—Rényi maximal correlation py,(X;Y) of two random variables X,Y is
defined by

pm(X;Y) := sup E[f(X)g(Y)].
f, g real-valued measurable
E[f(X)]=E[g(Y)]=0
E[f(X)?|=E[9(X)*]=1

An alternative expression for the quantity is formulated by Rényi [19] as follows.

Proposition 4 (Rényi [19]). Let X,Y be random variables. Then

pm(X; Y) = sup E[E[f(X)‘Y]2}1/2
f real-valued measurable
E[f(X)]=0
E[f(X)?]=1

Corollary 4. Let {St}r be a symmetric layered function family on mutually independent and identically
distributed random variables X1,...,X,. Then

n—|T|
n

T
pm(S[ln]v S@)Q + %

pm(S[lzn]§ ST)Q <

for all T C[1:n].

Proof. By Corollary 1 (i), for any bounded real-valued measurable function f such that E[f(S[.,))] = 0 and
E[f(Sp:n))?] = 1 we have

7]

n—|T
BIBL (Sp)ISr1%] < I BB (SIS0l + LBl (Sp)?
n—|T| 2 ||
< .l —.
< — Pm(S[1:n); Sp)~ + -
Taking supremum over f yields the result. O

2.2.3 KL divergence inequality

Lemma 6. Suppose X; ~ Poisson(A;) and Xo ~ Poisson(Az) are independent and Y ~ Binomial(N, u). Then
the random variable Y defined by

Py (@) =D pxyixa+x (0lY)py ()

satisfies Y ~ Binomial (N7 ﬁu)
Proof. We first compute

_ px, (9)px,(y — 9)
Pxy x4 X2 (Y) =
X PXx1+X> (y)

_ (y) AN
Y ()\1 + )\Q)y ’
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Then
Py (@) =Y pxyxi+x (0lY)py (v)
y
N .
NNV /N _
:Z@)l : ( )My(l—u)N v
— \7/) (A1 +X2)¥ \y
Y=y
D) SO0 ) e
(Y b 1—
(y) (/\14')\2” ; y—3) \ M+ rl 1=n
N Al ] N—g
= 1—
<y) <A1+A2”> ( “EX +A2“)
-(0) Ga) (w)
U TACYES Y. Nt
as required. O

Corollary 5. Let N >0, \,A >0 and 0 < pu<1. Fork=0,1,...,n let

A+ Ak
i = Dk1, (Binomial (N, = + u)
A+

An

Poisson <5\ + Ak‘)) .
Then

Pr-1+ Or41 2> 20k
forallk=1,...,n—1, and

n—=k

k
Yr < po + o en

forallk=0,1,...,n.

Proof. Let Sy ~ Poisson(\) and Xi,...,X,, ~ Poisson(A) be mutually independent random variables. Let
St = Sp + > ;cp Xi for non-empty T C [1 : n]. Note that {Sr}r forms a symmetric layered function
family on Xi,...,X,. Also note that Sy ~ Poisson(\ + A|T|) and Siin] — St ~ Poisson(A(n — |T'])) are
independent. Let S be defined as in Corollary 1 (i) (with ¢(-) ~ Binomial(N, )). Applying Lemma 6, we

have St ~ Binomial (N , ;\;; )‘A‘Z:‘ y). The result then follows from Corollary 1 (ii). O

Corollary 6. For all N > 0 and A > 0, the function
t — Dk, (Binomial (N, t)|| Poisson (At))
is convez on [0, 1].
Proof. This is immediate from Corollary 5 (with A=0and @ = 1) and continuity. O

Remark 9. The above result has a similar flavor to the open problem listed in https://archive.siam.org/
journals/categories/09-001.php where the author makes a complete monotonicity conjecture between bi-
nomial and Poisson distributions, but is unable to even prove the convexity. An interested reader may also see
Conjecture 1 in [20].
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